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Abstract

Feller property of some diffusion processes and the time changed
processes is investigated. Diffusion processes treated here are skew
product of one dimensional generalized diffusion processes and the
spherical Brownian motion, and the time changed processes are given
by additive functional associated with some underlying measure. Con-
crete expressions of the Dirichlet forms corresponding to time changed
processes are also obtained, which may be of non-local type caused by
degeneracy of the underlying measures.

1 Introduction

Let s be a continuous strictly increasing function on an open interval I =
(I1,13), and m be a right continuous nondecreasing function on I, where
—00 <l < Iy < oo. We denote by R = [R;, PR] a one dimensional general-
ized diffusion process (ODGDP for brief) on I with scale function s, speed
measure m and no killing measure. We also denote by © = [0;, PP] the
spherical Brownian motion on §%' C R? with generator A, A being the
spherical Laplacian on S?!'. In this article we study Feller property of the
skew product X = [X; = (R, Oz()), Py = P @ Py, (r,0) € I x 8™
with respect to a positive continuous additive functional (PCAF for brief)
f(t) of the ODGDP R. We also study Feller property of time changed pro-
cesses of the skew product X. In [10] Ogura et al. were concerned with the
skew product of a one dimensional diffusion process on R! and a d — 1 di-
mensional diffusion process on R%~! with respect to a PCAF, and its time
changed process. They showed Feller property of these processes by studying
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some properties of the corresponding PCAF. We observe behavior of sample
paths of R near the end points [;, i = 1,2 to show Feller property of the
skew product X. We present Dirichlet forms of the skew product X and time
changed processes, which are limit processes appeared in some limit theo-
rem discussed by the first author. Our results ensure that Feller property is
preserved in sequences of stochastic processes and their limit processes dis-
cussed by her. Dirichlet forms corresponding to time changed processes may
be non-local type. Namely, they are expressed by diffusion term, jump term
and killing term. Our results show that Markov processes corresponding to
such non-local type Dirichlet forms satisfy Feller property.

In Section 2 we present Dirichlet forms corresponding to the ODGDP R,
the spherical Brownian motion ©, and the skew product X by employing the
results of [4] and [9]. In Section 3 we state Feller property of the skew product
X. Section 4 is devoted to time changed processes of the skew product. We
show their Feller property. In Section 5 we present Dirichlet form of the time
changed process and give some typical examples.

2 Preliminaries

2.1 ODGDP

Let s, m, I, etc. be those given in the preceding section. We denote by ds
and dm the measures induced by s and m, respectively. We assume that we
assume that supp[m]|, the support of dm, coincides with /. For a function
f on I, we simply write f(l1) [resp. f(l2)] in place of f(l1+) [resp. f(lo—)]
provided f(l;+) [resp. f(lo—)] exists. Let D(G;,,) be the space of all bounded
continuous functions u on [ satisfying the following two conditions.

(i) There exist a function f on I and two constants A, Ay such that
u(z) = Ay + Ao{s(z) — s(c)} + ( }{8(1’) —s(y)3f(y)dm(y), z € 1. (2.1)
(ii) For each i = 1,2, u(l;) = 0 if |m(l;)| + |s(l;)| < oc.

Throughout this paper we denote by ¢ an arbitrarily fixed point of I. The
operator G ,,, is defined by the mapping from u € D(G;,,) to f appeared in
(2.1). The operator G, is called the one-dimensional generalized diffusion
operator (ODGDO for brief) with (s,m), and s and m are called the scale



function and the speed measure, respectively. We set

Tt = [ duta) [ aviy)
(e,ly) (e,x]

for Borel measures p and v on 1. Following [3], we call the end point I; to be

(s,m)-regular if Jg,,(l;) <oo and Jy, (L) < oo,
(s, m)-exit if Jom(li) <oo and J,s(l;) = oo,
(s,m)-entrance if Js,,(l;) =00 and J,(l;) < oo,
(s,m)-natural if J,,,(l;) =00 and J,(l;) = oc.
Recall that
if I; is (s, m)-regular, |m(l;)| <oo and [s(l;)] < oo,
if [; is (s, m)-exit, Im(l;)] =00 and |s(l;)| < oo,
if I; is (s, m)-entrance, |m(l;)] < oo and |s(l;)] = oo,
if ; is (s, m)-natural, |m(l;)| =00 or [s(l;)] = 0.

Therefore the above condition (ii) means that the absorbing boundary con-
dition is posed at [; if it is (s, m)-regular. It is known that there exists a
strong Markov process R = [R;, PR] with the generator G ,,,, which is called
an ODGDP on I (see [6], [11]).

We denote by p the semigroup of the ODGDP R, that is,

PRA(r) = PN (R = /I PR OFE) dm(e),  t>0,rel,  (22)

for f € Cy(I), where Cy(A) is the set of all bounded continuous functions
on a set A, EP stands for the expectation with respect to the probability
measure P, and p®(t,7, &) denotes the transition probability density of R
with respect to dm. We note that plf € Cy(I) and there exist the following
limits for ¢ > 0 (see [6], [8]).

hm ¥ Rf(r) =0if [; is (s,m)-regular or exit. (2.3)
lim p*f(r) €

if I; is (s, m)—entrance and there exists the limit f(l;). (2.4)
lim p* f(r) =

7"4’7‘



if [; is (s, m)-natural and there exists the limit f(l;) = 0. (2.5)

We consider the following symmetric bilinear form (E®, FR).

du dv
7 ds ds
FR = {u € L*(I,m) : u is absolutely continuous on I with

ER”(u,v) = ds, (2.6)

respect to ds and E%(u,u) < co}.

We set CR = {uos:ue CLJ)}, where J = s(I) and C}(J) is the set of
all continuously differentiable functions on J with compact support. Then
(ER, FR) is a regular, strongly local, irreducible Dirichlet form on L?(I,m)
possessing C? as its core and corresponding to the ODGDP R = [R;, PX]
(see [1], [5]). In the following we write s® and m® in place of s and m,
respectively.

Following [5], we call E® to be conservative if pfl = 1, ¢ > 0. Since

pil(r) = PR(t < o}t Aoy}), we see that pi'l = 1 if and only if
both of I;, i = 1, 2, are (s%, m")-entrance or natural, (2.7)

where of stands for the first hitting time to a point a for the ODGDP R,
that is, o = inf{t > 0 : R, = a}, and a A b = min{a,b}. Finally we
summarize hitting probability densities. For an open interval E = (a,b) C I,
let pR(t,&,m) be the ODGDP on E with the scale function s® and the speed
measure m®. Note that a [resp. b] is regular and absorbing if l; < a [resp. b <
lo]. Let denote by Dgr(, the right derivative with respect to ds™(r). It is
known that there exist the following limits (see [8]).

hR(t,r, a) = 151311 Dreypp(t,r,€) >0,

R (t, 7, b) == — 151% Dareypi(t,r,€) >0,
for t > 0 and a < r < b. Then it holds true that
PR} <t, ol <o) = /t hi(u, 7, a) du, (2.8)
0
PRol <t, ot < oX) = /t hi(u, 7, b) du, (2.9)
0

fort >0and a <r <b.



2.2 Spherical Brownian motion

Next we consider the spherical Brownian motion BM(S5%) on S¢ C R4 with
generator %A, where A is the spherical Laplacian on S¢. It6 and McKean [6]
showed that the spherical Brownian motion is described as the skew product
of the Legendre process LEG(d) = {¢;} with the generator

1 0 0
5 (sing)' ™ 7 (sin)? ™! a5 0<p<m, (2.10)

and an independent spherical Brownian motion BM(S91) with respect to the
PCAF f; (sin s) % ds. Fukushima and Oshima [4] determined the Dirichlet
form corresponding to the skew product (Xt(l), Xft)), where {Xt(i)}, 1=1,2,
are independent conservative Markov processes on state space X, and A, is

a PCAF of {X"}. They presented the Dirichlet form corresponding to the
spherical Brownian motion BM(S?) as an application of their results. More

precisely, let X1 = (0,7), X{* =T (= R'/[0,2n]) the torus, and X? =
XM X(§2—)1 (d > 2). In the following XC(IQ) is identified with S¢ (C R+1).
Then dmg)(gp) = (sing)?dy (d > 1) are the measures on XV, dm!? () = d6
is the measure on X{Q), and mf) = méljl ® mﬁi)l (d > 2) are measures on
X 52). We consider the following symmetric bilinear forms.

1 [ dud
EVu,v) = §/X<2> d_Zd_Z o,  u,veCc(X?), (2.11)

E(f,9)
= [ SO 0. g08)) d? 0

+ J gd_l (f(‘)ov ')79(90’ )) dﬂd—l(@, f?g € Cgo(Xo(lQ))v d Z 2’ (2‘12)

where C°(A) [resp. C5°(A)] stands for the set of all infinitely continuously
differentiable functions on a set A [resp. with compact support], dug—1(p) =
(sin ) 2dm{’, () = (sin )" ~3dep and

1 du d
“/’d‘l’“)(“?”:éx((l)%i@m@d*d% e CRD).  (219)

We note that (£, COO(Xl(Q))) and (€771 Ce(X ™)) are closable on L? (Xl(Q), m

and L2(XW), m((jl_)l), respectively. Their closures are regular Dirichlet forms,
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which are denoted by (', F') and (€411, F4=LM) respectively. The for-
mer is corresponding to the circular Brownian motion BM(S!) and the latter
is corresponding to LEG(d) with generator (2.10). By virtue of [4] and [6],
<8d,08°(X§2))) is closable on LQ(XC(IQ),m((f)) and the closure (€4, F?) is a
regular Dirichlet form corresponding to BM(S?). In the following we denote
by © = [0y, F] and (£°, F°) the spherical Brownian motion BM(S4~!) and
the corresponding Dirichlet form (€771, F471), respectively.

We denote by pP the semigroup of the spherical Brownian motion ©, that
is,

pPf(0) = BTV [£(0,)]
= /Sdlpg(t,@, o) f(¢) dm@, (o), t >0, 6 € S, (2.14)
for f € Cyp(S*1), where p®(t, 6, ) stands for the transition probability den-

sity of ©. It is known that p®(t,0, o) is represented by spherical harmonics
St that is,

pP(t,0, ) = Ze WZSZ (2.15)

n=0

where v, = sn(n+d —2), k(n) = 2n+d—2)- (n+d —3)!/n! (d—2)! which
is the number of spherical harmonics of weight n, %ASﬁl = —,S!, and

1, =k
Sl Skd (2) _ ) )
/Sdl wOn a1 = 0 ] £ |,

(see [2], [6]). We set Ag_1 = [gus dmﬁl{)1 (the total area of the spherical

surface $971), so that S = A% Note that x£(0) = 1. When d = 2, (2.15)
is reduced to

(¢, @)
1
=5 + = Zl e " W{cosné’ cos ng + sinnb smmp}
1
=5 -t Ze "2 cosn(f — ). (2.16)



2.3 Skew product

Now we turn to a skew product of R = [R;, P}] and © = [©;, PY]. It is known
that the ODGDP R has the local time [®(¢,r) which is continuous with re-
spect to (t,7) € [0, 00)x I and satisfies [} 14(R,)du = [, I*t,r) dm®(r), t >
0, for every measurable set A C I (see [6]), where 14 is the indicator for a
set A. Let v be a Radon measure on [ and assume that supp[v], the support
of v, coincides with I. We set

f(t) = /ZR(t, ) dv(r). (2.17)
I
Since supp[v] = I, we see that

PRf(t)>0,t>0)=1, rel. (2.18)

r

We assume (2.7). Let X = [X; = (Rt,@f(t)),P(fﬁ) = PRe PP (r0) €
I x S%7!] be the skew product of the ODGDP R and the spherical Brownian
motion © with respect to the PCAF f(¢), and set

()= [ €I 00000 dmiZ(6)
" / E9(f(r. ), g(r. ")) dv(r). (2.19)

for f,g € CX, where CX = {f(s®(r),0) : f € C°(J x S¥™ 1)} and J = s®(I).
Then by means of Theorem 1.1 of [4] and (2.18), we immediately obtain the
following result. So we omit the proof.

Proposition 2.1 We assume (2.7). Then the form (EX,C*) is closable on
L3I x STt mP ® mgf_)l). The closure (EX, FX) is a reqular Dirichlet form
and it is corresponding to the skew product X.

Let denote by p* the semigroup of the skew product X, that is,
prf(r,0) = BP9 [f(Ry, Os)],  t>0, (r,0) € I x84 (2.20)

for f € Cy(I x S41). By virtue of (2.15) we obtain the following

A0 = [ B[R 0.6.6)) (o)



o k(n)

=S37840) [ SL@ET [f(Rip)e O] dmP (o).

n=0 I—1 ga-1

(2.21)

3 Feller property of the skew product

Let X = [X; = (R, @f(t)),p()f,ﬂ) = PR® PP, (r,0) € I x S™!] be the skew
product of the ODGDP R and the spherical Brownian motion © with respect
to the PCAF f(t) defined in the preceding section. We go forward with our
argument under the assumption (2.7). We show Feller property of the skew
product X. Since EF* [f(R;,m)e” 1] is continuous in r € I (see [6]), we
immediately obtain the following result by means of (2.21), so we omit the
proof.

Proposition 3.1 Let f € Cy(I xS 1Y) andt > 0. Then pXf € Cy(IxS%1).

Next we observe the behavior of pX f(r,0) as r — ;.

Theorem 3.2 Leti=1,2,t>0 and f € Cy(I x ST 1),
(i) Assume that the end point l; is (s®, m®)-entrance, and the measure v

satisfies
' / s%(r) dv(r)
(Cvli)

Further assume that there exists the limit lim,_;, f(r,0) for any 0 € S4-1.
Then there exist the following limits.

= 00. (3.1)

ETC[f(R,,0)] == lim EFT[f(R,,0)], 0¢€ S (3.2)

r—l;

1
lim p* f(r.0) =
lim p, f(r,0) i

/ B [f (R o)l dmP (), 0€ST (3.3)
Sd—1

Note that the limit (3.3) is independent of 6.
(ii) Assume that the end point I; is (s®,mR)

lim, ., supgega—1 | f(r,0)] = 0. Then

-natural and f satisfies

lim p; Xf(r,0) =0, 0 e 5t (3.4)

r—l;



Proof. (i) We only show the statement for ¢ = 1. Assume that the end
point [y is (s®, m®)-entrance, and there exists the limit lim,_;, f(r,6) for any
6 € S41. Then, by means of (2.4), there exists the limit

EPL[f(R,,0)] = lim B [f(R,,0)], 6 € S

r—ly

We claim that, if v satisfies (3.1),

lim EX [f(Ri,0) e “T0] =0, 654, (3.5)

r—lq

for any positive constant C'. This fact is obtained by It6 and McKean [6].
Their idea is as follows. Since the support of m® coincides with I, we can
employ the argument in [6] and find that the time changed process Q =
[Re-11), PY] is an ODGDP with the scale function s® and the speed measure
v, where f~! is the inverse of f. Since the end point /; is (s®, m®)-entrance,
we see s¥(l;) = —oco. Combining this with (3.1), we find that the end point
Iy is (s®, v)-natural. Since [; is (s, m®)-entrance, we have

lim sup lim sup PR (f(t) = oo, t < o) < limsup limsup PX(t < o) = 0.

a—lq r—lq a—lq r—lq

(3.6)

Since [; is (s®, v)-natural and f(c!) is the first hitting time to the point a
for the ODGDP Q (see [6]), we obtain

lim EPF [e*f@’?)] —0, acl.

r—ly

Therefore

liminflim inf P (£(t) = oo, t > o))

a—ly r—lq

> lim ilnf lim ilnf PR (f(oy') = 00, t > ay)
a—l1 r—ly
= lim ilnf lim ilnf PR (t> 05) =1,
a—l1 r—ly
R mR)

where we used the fact that {; is (s™, m™)-entrance. Thus we obtain that

lim PR (f(t) =o0) =1, t>0,

r—lq



which implies (3.5). By using (2.21) and (3.5), we arrive at

lim p(r.0) = S0(6) | So()E [f(Rug)) dmi2 (o)
1

Ad—l gd—1

E™ [f(Ry, )] dmD (¢).

(ii) Assume that the end point [; is (s%, m®)-natural and
lim, ., supgega—1 | f(r,8)] = 0. We set h(r) = supgega—1 |f(r,0)|. Then by
means of (2.5) and (2.20),

limsup sup |p;f(r,6)| <limsup EP[W(R,)] = lim pRh(r) = 0.

r—l; feSd—1 r—l; r—l;

Thus we obtain (3.4). O

4 Feller property of time changed processes

Let X = [Xt = (Rt’@f(t))7p(>7§,0) = PTR (%9 P9@, (T, 0) el x Sdfl] be the skew
product of the ODGDP R and the spherical Brownian motion © with respect
to the PCAF f(t) defined in Section 2. In this section we consider a time
changed process of X and show its Feller property under the assumption
(2.7).

Let p be a non-trivial Radon measure on / and set

g(t) = /ZR(t, r)du(r), t>0. (4.1)

1

We denote by 7(t) the right continuous inverse of g(t). We consider the time
changed process Y = [Y; = (R, O¢(r(1))), P(Xa) = PR@P?, (r,0) € IxS%1].
Let denote by p) the semigroup of Y, that is,

pi f(r.0)
for f € Cy(I x S41). By virtue of (2.15) we obtain the following
pi f(r,0)
= /S EP [f(Re, ) P2 (E(7(1)), 6, )] dm?, ()

= EP O [f(Rey, Oseayy)l, >0, (n0) € I x S (4.2)

10



k(n)

:fj SLO) [ SLOET [f(Rewy, 0)e 0O dm (). (4.3)

n=0 I—1 §a-1

Note that the time changed process U = [R,@), PY| is an ODGDP with
the scale function s® and the speed measure p. We set A = supp[u] and
I = Ax S9!, Also note that the time changed process Y is essentially defined
on I'. Since EFF [f (R, p)e )] is continuous in 7 € A (see [6]), the

following result is obvious by means of (4.3). So we omit the proof.

Proposition 4.1 Let f € Cy(T") and t > 0. Then p) f € Cy(T).

We observe the behavior of pY f(r,0) as r(€ A) — [; [resp. ly] when
[y = inf A [resp. Iy = sup A].

Theorem 4.2 Let f € Cy(I') and t > 0. The following properties hold true
for the end point I; satisfying Iy = inf A or Iy = sup A.
(i) If the end point l; is (s%, u)-regqular or exit, then

r(elg\l)nﬁlvpff(r, 0) =0, 0 e st (4.4)

(ii) Assume that the end point l; is (s®, u)-entrance, and the measure v
satisfies (8.1). Further assume that there exists the limit lim, cay—, f(r,0)
for any 6 € S1. Then there exist the following limits.

Epllj[f(Rf(t):e)] = (liAr)n I E"[f(Rew,0)], 6€ 5" (4.5)
r(EN)—;
1 R
. v _ Pli (2) d—1
w20 = [ B elan o). 0e st

(4.6)

Note that the limit (4.6) is independent of 6.
(iii) Assume that the end point l; is (s%, u)-natural and f satisfies
lim, (epy—i; Supgege |f(r,0)| = 0. Then (4.4) holds true.

Proof. We may assume that [; = inf A. We show the statements for ;.
(i) Assume that the end point /; is (s®, y)-regular or exit. By virtue of
(2.3) for U we get

E™ [f(Rew). 0) e_f(T(t))]’ < h(H}\:;‘u]gl) EP [|f(Ro, 0)]] =0, 6€ 5%
r(eN)—l1

lim sup
r(eN)—l1

11



Combining this with the dominated convergence theorem and (4.3), we obtain
the statement (i).

(ii) Assume that the end point [; is (s®, u)-entrance, and there exists the
limit lim, ep)—, f(r,0) for any 6 € S?'. Then, by means of (2.4) for the
ODGDP U, there exists the limit

E"N[f(Ryp,0)) := lim  E™[f(Re),0)], 6€ 5%

r(eN)—l1

Note that lim, epy—y, PX(7(t) > 0) = 1. Therefore, by the same argument
as for (3.5), we obtain

Jim B [f(Rrp, 0) e T0CW] =0, 6 e s, (4.7)
r(eN)—l1

for any positive constant C. Combining this with (4.3), we find

. R
cdm pf0) = S30) | Si@E™ [f(Rey, )] dmil ()

1 R
=7 / E"N [f(Rey, )] dm'D, ().
d—1 J g

(iii) Assume that the end point [; is (s®, u)-natural and
lim, (ep)—i, SUPgega—1 | f(r,0)] = 0. We set h(r) = supgega | f(r,6)]. Then by
means of (2.5) for the ODGDP U and (4.2),

limsup sup ’pff(r, 9)} < limsup EP'B[h(RT(t))] = 0.
r(EA)—l; HeSd—1 r(EAN)—ly

Thus we obtain (4.4). O

5 Dirichlet form of the time changed process

In this section, we derive the Dirichlet form (£Y,FY) of the time changed
process Y defined in the preceding section. Y is a time changed process of X.
X is the skew product of R and © with respect to f defined by (2.17), and

12



the Dirichlet form (X, FX) corresponding to X is given in Proposition 2.1.
In the following we assume (2.7) and that

for any compact set B C I, there exists a positive
constant My satisfying 15(r) ds®(r) < Mplg(r) dm®(r). (5.1)

We note that the measure p ® mﬁi)l charges no set of zero £X-capacity. For

this, it is enough to show that, for every compact set B C I, there is a
positive constant C' such that

/ lu(r, )| du(r)dm((f_)l(ﬁ) < CEX(u,u)'?, welX, (5.2)
BxSd-t

that is, 15(r) du(r)dm((f_)l(ﬁ) is of finite energy integral, where &~ (u,u) =
EX(u,u) + (u, u)LQ(mR®m(2) Ixgi-1y et @ be an element of Cg°(J) such that
d-1’

®(s%(r)) =1 for r € B. We set D = supp|® o s%]. Then we find that
[ o)l dutriand?, o)
BxS§d-1

< u(B)Ai/_l{SX(u,uW? ( /J @(5)%) -

+ My ( / U6y dm%)dm?)l(e)) " ( /J '(¢)’ df) /}

which implies (5.2). We note that g(¢) defined by (4.1) is a PCAF of X and
Pl o(g(t) >0, t > 0) = 1for (r,0) € I'. Employing Theorem 6.2.1 in [5], we
see that the Dirichlet form (€Y, FY) is regular on L2(T, n ® m{,) and has
CX|r as a core, where CX|r = {u|r : u € CX}.

The following lemma is easily obtained, so the proof is omitted.

Lemma 5.1 Assume that [, ds® > 0. Let u € C* and put f = u|r. Then
there exists the limit

Ot 0) = Tim A0SO ul’0) —ulr6)

rEen)—r sR(r') —sR(r)  r—r SR(r) —sR(r) ’

for ds®-a.e.r € A and every € S¢1.

13



If A = I, then £¥(u,v) = EX(u,v) for u,v € C*. Therefore we are
restricted to the case that I\ A # (). For a set E C I we put

du dv SR
dsR dsR ’

£X(7.9) = /  EBUC0). 9.0 dmPy(0) + [ €940 g(r.)) o).

Ex(u,v) =

We note that I\ A = Ugek Iy, a finite or a countable disjoint union of open
intervals [, = (ag,bx) with the end points belonging to A U {ly,ls}. Since
CX|r is a core of (EY,FY), we fix a u € C* and set f = u|r. Then f € FY
and

EY(f, f) = EX(Hyu, Hru), (5.3)

where Hru(r,0) = EfCo [u <XJ%<> JoR < oo], and o = inf{t > 0: X; €
I'}. By means of (2.19) and (5.3) we see that

EY(f. f) = EX(Hru, Hru) + Y ) (Hru, Hyu). (5.4)

keK

Lemma 5.2 It holds true that
g/)\((HFU HpU)
/a*Rf r,0)2 ds®(r)dm®, ( /g@ () dv(r).  (55)

If fA ds®(r) = 0, then the first term of the right hand side vanishes.

Proof. Since P(fﬁ)(o%( =0) =1for (r,) € I, Hru = uw = f on I
Combining this with Lemma 5.1, we obtain (5.5). O

We are going to derive an explicit form of EIXk (Hru, Hru). In the following,
we assume

v=m" onl\A. (5.6)
For r € I, = (ax,by) and 6, p € ST1 we set
Gra(ri0,0) =E™ [p°(ahy, 0, )i 0h, < o], (5.7)
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Gra(r;0,0) =E™ [p°(oR .0, 0); 08 < o] (5.8)

Y ag

By means of (2.8), (2.9) and (2.15) we see that

Gra(r; 0, ) :/ pO(t, 0, 9)R5 (t, 7, by) di
0

)
= Z Z SL(6)S! ()BT [6_%1052;0'52 < a}}k] : (5.9)

n=0 =1

Gra(r; 0, ) :/ p°(t, 0, o)1 (t, 7, ax) di
0
:Z SL(6)S! ()BT [efﬂ’""‘l}k;apz < 0};:] : (5.10)

for r € I, = (ag, by,) and 6, ¢ € St

Lemma 5.3 Letr € I, and 0 € S 1. Ifl; = a, < b, < ly, then

Heu(r,0) = [ f(bi, @)Gra(r; 6, 0) dmi?) (o). (5.11)
gd—1

If Iy < ap < by =13, then

Heu(r,0) = | f(ax 9)Gia(rs0,¢) dmi, (o). (5.12)
Gd—1

If l1 < ap < by < s, then

Hru(r,0) = | {flar9)Gralri0:9) + (b )G (730, 9)} dmil ()
(5.13)

Proof. Let l; < aj, < by < lo,7 € I;, and 6 € S%~!. Note that Péa)(aff =
on Aoy < oo) =1. By the assumption (5.6),

f(aci A ai) = /ZR(a(i A ai,f) dv(§)
I

= / Mog Aoy, &) dm™(§&) = oi Aoy, Plae.r.
Iy,

15



Therefore, virtue of (2.15), we find that

Hru(r,0) = o) [ (R X, @f(0¥)> op < oo}

oo K(n)

I / S B™ [uRog )] am )

n=0 [=1

oo K(n)

I / Sk {ak, @)B™ e of < o

n=0 [=1
+ f (b ) BT [e*”""?k;azi < Uci] } dmg’, ().

Combining this with (5.9) and (5.10), we obtain (5.13).
Let Iy = ap < by < lyr € I, and 6 € S4 1. Then P(fﬂ)(aff = o < 00) =
Py (of = 0y < o). Therefore we obtain (5.11) in the same way as above.
We also obtain (5.12) by the same argument as that for (5.11). O

By virtue of a general theory of ODGDP’s, there exist the following limits
(see [8]).

JN 0, ) = llm DSR(T)Gk 2(1r;0,0) (5.14)
T30, ) == PJF DG (r3 0, 9). (5.15)
Tt (0,¢) = = lim Dyr () Gra(r; 0, 0). (5.16)
T30, ) = —lim Dyr ) G MGEA) (5.17)
We denote by M the product measure m( ) 1 ® m(Q)
Lemma 5.4 (i) Let Iy = ap, < by <ly. Then
Si(Hpu, Hru)
=5 [ 00 = F @I 00) M)
T o T 0 2 0), (515)
The second term of the right hand side vanishes if s%(l;) = —oo.
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(i) Let Iy < ax < by, =1ly. Then

é?li (HFU, HpU)

= %/ {f(ar, 0) — f(ar, )} T (0, 0) AM(0, ©)
§d—1y gd—1
M : f(ax,0)* dmg?, (0). (5.19)

st(lz) — s (ak) Jga-

The second term of the right hand side vanishes if s%(ly) = oo.

Proof. We assume [; = a;, < b, < ly, and write a and b in place of a; and
b, respectively. By means of Green’s formula, (5.11) and (5.17),

SIXk (HFU, HFU)

= Hru(b, 0) hmD sk Hru(r, 0) dm(Q) 1(0)
gd—1

21L1W1mwv&wﬁ% ) AM(0, o)

5 [ 0.0 = Fb )T M)
gd—1y gd—1

1

—5/‘ {F(0.0)° + £(b.9)*}TE2(0, ) dM(6. 9).
Gd—1x gd—1

Noting J22(6, ) = J22 (0, 0), we get

OO 10,0} I (6, 0) AM(B, )

-3/,
/ F(0,0)2T%(0, ) dM(0, ¢)

d—1y gd—1

[\DlH

- /S o (0,0 im Dy Hr(r,0) dm{ | (0)
— 1 2 7.(2)
- SR (bg) — sR(1y) Jgan f(b,0)" dmy”, (0).

Here we used the following fact for the last equality.

Hrl(r,0) = Pjg)(op < 00) = {0y < 0,) =
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(see [6]). Thus we arrive at the first assertion. In the same way as above we
obtain the second assertion. O

Lemma 5.5 Let [y < ap < b, <ly. Then

g}]i (HpU, HFU>

=5 [ ) = o @I 6.) M)
w3 [ U0 = S I AM. )
w3 [ A0 = I 6.6) M. )
w3 [ 00— F PR, aME.). (520
Proof. We set a = a; and b = b,. By means of Green’s formula,

(5.13),(5.14),(5.15),(5.16) and (5.17),
51Xk (Hru, Hru)
= Hru(b, 0) hmD si oy Hru(r, 0) dm(Q) 1(0)

@
¥

——

Hru(a, ) lifn Dy Hru(r, 0) dmdf1 (0)

Y

—1

F(b,0)f(a,0)J2 (0, 0) dM(6, o)

d—1yw gd—1

tg\tn\tg\m\

F(b,0)f(b,0) J2%(0, ) dM(0, ©)

d—1yw gd—1

£(a,0)f(a, )" (0, 0) dM(0, ©)

-1y gd—1

F(a,0)f(b, @) Ty (0, ) dM(0, )

d—1y gd—1

N —

{£(b,0) — fla,0)}* T2 (0, ) dM(0, p)

—lygd—1

/Sdl o FO0) + F (@ @)} I 6, 0) dMO. )

N | —
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%/Sd 0.0 = 10 ) 0.0) dM0. )
- / o U007 10,07V 6,) M6, )
+§/ @0 = A 0,0 Mo, )
%/S o a,0)% + f(a, 0)2 3TN0, 0) dM(6, o)
+%/d L AS(a,0) = F(0,0)}2 0,7 (0, ) AM(0, )

2/5d1 o e 0)° + f(b, )} ;% (0, ) dAM(8, )
= Vit Vot Vot Vit Vs Vo + Vo + Vi

In the same way as above, we also find

& (Hr(u?), Hr1)
- /S o TOOPLIE0,0) + J20,0)} MO, )

Fa,0)* {1,710, 0) + J (0, 0)} dM(0, )
Fla, @) T2 0, 0) + (0, 0) } AM(0, )

[ SO0+ TR0, M0 0),
Combining this with Hr1(r,0) = PR(oR A ol < 00) = 1, we have
Vo4 Vi + Vo + Vs = £ (Hr(u®), Hrl) = 0.
Therefore we obtain the conclusion of the lemma. a
By virtue of Lemmas 5.2, 5.4, and 5.5, we arrive at the following theorem.

Theorem 5.6 Assume A # 1, (2.7) ,(5.1), and (5.6). Then the Dirichlet
form (EY,FY) of Y is regular on LA(T, n @ m$,) and has C¥|r as a core.
For f € CX|p, the Dirichlet form (EY,FY) is given by the following.

EX(1.f) = / o f(r,0)2 dsh(r) dm, (6) + / E9(f(r, ), f(r.")) du(r)
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1
Y [ ) - S 0.9 ame. )
keK:l1<ap<bp<l §d=1xgd=1
1
+3 [ 00 f V0. 90 aM0. )
ke Kl <ap<by<lg ¢ S 1xS41
1
Y ) S PR M)
keK:l1<arp<bp<la Sd=1xgd=1
1
by X U0~ a0 MG )

keK:l1<arp<bip<l2

+ L(f) + L(f). (5.21)

Here the first term of the right hand side vanishes in case that fA ds®(r) = 0.
The last two terms I;(f), i = 1,2 should be read as

(= [, S0 ami 0
= ifly = ap < by, < ly and s*(l;) > —oo0,
( 0 otherwise,
( SR (1) _1 Fan) Jsas f(ax, )2 dm{?, (9)
L(f) = if Iy < ay, < by, = ly and s%(ly) < oo,
( 0 otherwise,

Example 5.7 Let d > 2 and R be the Bessel process on I = (0, 00) with
the generator GF = L(£ + €14y We may set ds®(r) = 2r'~4dr and

dm®(r) = r¢=1dr. Note that the assumption (5.1) is satisfied. The end point
0 is (s, m®)-entrance and the end point co is (s®, m?)-natural. In the same
way as in [6], we obtain the following.

PR [ —ymol] _ (T\"
B e b] (b) . O0<r<b. (5.22)
r d—2+n
B 6_7”"5] = (ﬂ) , a<r<oo. (5.23)
L T
PR o, w_ r] _ (B/r)TE — (r/b)"
E E e gt < ob} = (/@)= — (/b a<r<b. (5.24)
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P o=mmoyt. gR - GR| (r/a)" — (a/r)d-2tn
FE [ ' Yb < a (b/a)” I (&/b)d_2+n7

Here 0 < a < b < oo and n > 0, where, if d =2 and n =0, (5.24) and (5.25)
are reduced to (5.26) and (5.27), respectively.

a<r<b  (525)

log b
PR} < al) = °8 /T, a<r<b, (5.26)
logb/a
logr/a
Pioy <o) = b. 5.27
T(Ub<aa> logb/a’ a<r< ( )

(i) We first consider the case that dv(r) = r=2dm®(r) = r?®3dr. Then
ft) = [, 1%t r)r2dm®(r) = [} R %ds, hence the skew product
X = [(R:,O¢q), PR ® PP, (r,0) € I x S is reduced to d-dimensional
Brownian motion BM(d). The assumption (3.1) is also satisfied for the end
points 0 and co. It is well known that the statement (ii) and (iii) of Theo-
rem 3.2 are valid for BM(d).

(ii) Let du(r) = 1(o,0)(r)dm™(r) and dv(r) = 1,0y (r)dw(r)+1(g,00) (r)dm®(r),
Where O < a < oo and w is a Radon measure on [ such that supp[w] = I and
| [ s® r)| = oo. Since the assumption (5 6) is satisfied, by virtue of
Theorem 5 6 we get the following. For f € C*|( 4)xsa-1,

5YU%f)=%jQ af( 0)2 rdr dm? | (6)

a)x §d-1 or
+(0fWﬂn%fm0MMﬂ
s [ 0~ [P0 M) + 1),
Sd—1ygd—1
(5.28)
where
d—2 ,_ (2) .
1(f) = -7;—w121;4fahm2mn¢4wy if d > 3, (5.20)
0, if d =2.
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Further J(6, ¢) is given as follows.

oo k(n)
J(0,¢) =lim Dgr Z SL(6)SL () EFT [e—vnm‘f]

rla n=0 I=1
00 r(n)
=lim Dungry 3 (a/r)* =" ) $,(0)8,(). (5.30)
n=0 =1
Especially, if d = 2, then

. LR - P
J(0,p) :lTlf(IlleR(r) {% + ;(a/r) cosn(f — ga)}

L ) eos— ) — (o))
G lrla D M7= 2(a/r)cos(0 — @) + (a/r)?

1 1 L 0—\ 7!
= = —_— . 31
4 1 — cos(0 — @) (87T T ) (5:31)

Therefore £Y corresponding to the case d = 2 is given as follows.

P Lo
£ (f’f)_Q/(Oa)xSl 07“(r 0)* TdrdQ—l—Q/(oa > 89(7“ 0)% dw(r) do

1 2
R AL S (1)

Since the assumption of Theorem 4.2 (ii) is satisfied, the time changed process
corresponding to (5.28) has Feller property in the sense of Proposition 4.1
and Theorem 4.2 (ii).

dfdep.

(iil) Let dpu(r) = Lig,00) (r)dm®(r) and dv(r) = 1(gq) (r)dm®(r)+1 (g0 (r)dw(r),
where 0 < a < oo and w is a Radon measure on I such that supplw] = 1.
Since the assumption (5.6) is satisfied, by virtue of Theorem 5.6, we get the
following. For f € C*|(; 00)xs50-1,

1 of - @
SN[ o o

n /(m)g (f(r, ), f(r,-)) dw(r)
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+3 /S @) = J@ @I 0.0) MO ). (532

where J(6, ) is given as follows.

o k(n)
0.0~ Dy 3 S0 927 [
n=0 [=1
o r(n)
=~ lm Dyn, )Y (r/a)" > SL(0)Sk (). (5.33)
n=0 =1

When d = 2,

J(60,) = — lim Dyag {% F 23 (/o) cosn(6 - 90)}

rTa
1 (r/a)cos(0 — ¢) — (r/a)®
moria S 1= 2(r/a) cos( — ) + (r/a)?

1 1 0—p\ "
— = (8rsin2—2) . (5.34)
4 1 — cos(f — ¢) 2

Therefore £Y corresponding to the case d = 2 is given as follows.

EV(f, ) :;/( F (1 02 rdr do + 1/( 98 (1. )2 duo(r) db

a,00)x St or 2 a,00)x St a0
1 1
— 0) — 2 dfdy.
+ 167T Slxsl{f(a, ) f(a7 80)} SinQ((Q . ('0)/2) SO

Since the assumption of Theorem 4.2 (iii) is satisfied, the time changed pro-
cess corresponding to (5.32) has Feller property in the sense of Proposition 4.1
and Theorem 4.2 (iii).

(iv) Let du(r) = Ly (r)dmP(r) and dv(r) = loaupe)(r)dmB(r) +
Ligp(r)dw(r), where 0 < a < b < oo and w is a Radon measure on [/
such that supp[w] = I. Since the assumption (5.6) is satisfied, by virtue of
Theorem 5.6, we get the following. For f € CX|(a7b)Xsd—1,

SN[ e i)

a,b)x §d—1 or

23



" /Wf (F(r. ), £(r, ) do(r)

n ; / {f(a,0) = f(a,0)}*1(6, ) dM(6, )
Gd—1y gd—1
L %/ (F(b,0) = F(b,0)}2Ja(6, ) AM(6, o)
Gd—1x gd—1
FI(f), (5.35)

where I(f) is given by (5.29) with b in place of a, J1(6, ¢) is given by (5.33),
and J,(0, ¢) is given by (5.30) with b in place of a. Therefore, if d = 2, then

9 _ 71
Jl(‘ga 90) = JQ(‘ga 90) = (87T Sin2 2 (p) :
Further £Y corresponding to the case d = 2 is given as follows.

EY(f,f):;/( af(r 0)? rdrd9+;/ af(r 0)? dw(r) db

a,b)x 51 or (a,b)xSt 00
1 2

-+ E Slxsl{f(&’ 0) - f(aa ()0)} sin2((9 o @)/2) degp
1 2

+ 167 51X51{f(b> 0) = b)) sinQ((ﬁ —¢)/2) e

Since the assumption of Theorem 4.2 (ii) is satisfied, the time changed process
corresponding to (5.35) has Feller property in the sense of Proposition 4.1

(v) Let du(r) = 84(dr) and dv(r) = dm®R(r) + Cd,(dr), where 0 < a < oo,
0, stands for the unit measure concentrated at a point a and C' is a positive
number. Since the assumption (5.6) is satisfied, by virtue of Theorem 5.6,
we get the following. For f € C*|(yxgi-1,

£X(7,1) =CE(f(a,) F(a, )
w3 [ @0~ fa ) 6.0) dMO. ) + (),
gd—1y gd—1

(5.36)
where I(f) is given by (5.29) and J(#, ¢) is given as follows.

oo K(n)

J(0, ) = —lim Dr Z SL(0) EPR [e mTa ]

rla n=0 I—1
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oo k(n)

+11H1DSR ZZS; EPR [e % }

n=0 [=1

[e.o]

= —].ITIHDSR Z r/a)" ZSZ

n=0

00 r(n)

+hmDSR Z a/r)* 2*”25”

n=0

When d = 2, by means of (5.31) and (5.34),

-1
J(0, ) = (47Tsin2 Oggp) :

Therefore £Y corresponding to the case d = 2 is given as follows.

O oo
1 , 1
"o Slxsﬁf @O = 1O Gy

Since the assumption of Theorem 4.2 (ii) is satisfied, the time changed process
corresponding to (5.36) has Feller property in the sense of Proposition 4.1.
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