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1 Introduction 

Let  m be a right continuous nondecreasing function on an open interval I = (/1, /2), 
where —oo < 1 < l2 < oc, s be a continuous increasing function on I, and k be 
a right continuous nondecreasing function on I. We assume that the support of the 
measure dm(x) on I induced by m(x) is equal to I. For a function u on I, we set 
u(1i) = lim~~ii ~Er u(x) if there exists the limit, for i = 1, 2. We set 1* = I U {x; x 
li with Im(li)I + Is(li)I + Ik(1i)! < oo, i = 1, 2}. Let us fix a point co E I arbitrarily and 

 set 

Ju,v(x) =fdµ(y) fdv(z), 
                                   co,x]co,y] 

for x E I, where dµ and dv are Borel measures on I. and the integral f(a,b] is read as 
 — f

(b,a4 if a > b. Following [1], we call the boundary 1, to be 

(s, in, k)-regular if Js,,,,,+k(li) < oo and Jm+k,s(li) < oo, 
(s, m, k)-exit if J8,,a+k(l2) < oo and J,n,+k,s(li) = 00, 

            (s, m, k)-entrance if Js,m+k(li) = cc and Jm+k,s(li) < oc, 
            (s, m, k)-natural if Js,,,i+k (li) = oc and Jm.+k,s (li) = oo. 

We note that 

         if li is (s, m, k) -regular, 1(m + k)(1,)1 < oo and 13(li)1 < oc, 
         if li is (s, m, k) -exit, 1(m + k)(/i)1 = oo and 18(4)1 < oo, 
         if li is (s, m, k) -entrance, 1(m + k) (1,)I < oc and I s(li) = oo, 
         if li is (s, m, k) -natural, 1(m + k)(4)1 = oo or 1s(li)I = oc. 

 Let D(G) be the space of all functions u E L2 (I m) which have continuous representatives 
u (we use the same symbol) satisfying the following conditions: 

 i) There exist two constants A, B and a function h„, E L2(I, in) such that 

u(x) =A + Bs(x) + f{s(x) — s(y)}h~,(y) dm(y) 
                                                        co,x] 

 (f{s(x)—s(y)}u(y) dk(y), x EI.(1.1)                                         co,x1 
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ii) If  li is regular, then u(li) = 0 for each i = 1, 2. 

By virtue of (1.1), hu is uniquely determined as a function of L2(I, m) if it exists. The 
operator C from D(g) into L2(I, m) is defined by gu = hu, and it is called the one-
dimensional generalized diffusion operator with the speed measure m, the scale function 
s, and the killing measure k (ODGDO with (s, m, k) for short). In the following, for a 
measurable functions u on I, Dsu(x) stands for the right derivative with respect to s(x), 
that is, Dsu(x) = lim,lo{u(x + E) - u(x)}/{s(x + E) - s(x)}, provided it exists. It is 
obvious that u E D(g) has the right derivative DA and it satisfies 

Dsu(y) - Dsu(x) = fgu(z) dm(z) + fu(z) dk(z), x, y E I. 
              x,y]x,y] 

So we sometimes use the symbol gu = (dDsu - u dk)/dm. Following McKean [4] (see 
also Section 4.11 of [2]), we can define the fundamental solution p(t, x, y) of the following 
equation. 

0-attp(t, x, y) = gp(t, x, y), t > 0, x, y E I, 
where g is applied to x or y. 

  It is known that p(t, x, y) satisfies the following properties: 

          0 < p(t, x, y) = p(t, y, x) is continuous on I x I x (0, oo), 

         p(s + t, x, y) = x, z)p(t, z, y) dm(z), s, t > 0, x, y E I,              fp(s, 
p(t, 1„ y) = 0, t > 0, y E I, if li is not entrance, 
Dsp(t, i , y) = 0, t > 0, y E I, if li is entrance, 

where Dsp(t, x, y) = limE o {p(t, x + E, y) - p(t, x, y)} / {s(x + E) - s(x)}. It is also known 
that there exists a one-dimensional generalized diffusion process (ODGDP for brief) III = 
[X (t) : t > 0, Px : x E I*] such that 

Px(X (t) E E) = fP(txY)dm(Y) , t > 0, x E I*, E E 8(I*). 
                        By this reason, p(t, x, y) is sometimes called the transition probability density with respect 

to m. The state of boundaries, that is, (s, m, k) -regular, exit, entrance, and natural, 
suggest the behavior of the sample paths of D having the ODGDO Q with (s, m, k) as the 
generator (see [2]). For Q > 0 let I ts,,,~,k, be the set of all positive functions h8 satisfying 

h3(x) =ho(coo) + Dsha(c0){s(x) - s(co)} 

            + f{s(x) - s(y)}h3(y){/3dm(y) + dk(y)}, x E I. 
                                   co,a] 

We call h3 a 13 harmonic function for G. For h E xsrrrks, we set 

sh(x) = fh(y)-2 ds(y),(1.2) 
                                                    co,x] 

               mh(x) = fh(y)2 dm(y).(1.3) 
                                              (co,x] 

ph(t, x, y) = e-°tp(t, x, y)/h(x)h(y) 
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Let  cch be an ODGDO with (sh, mh, 0), where 0 denotes the null measure. Let IDh be an 
ODGDP with CJh as the generator. Then ph(t, x, y) is the transition probability density 
of Dh with respect to mh. We call Ph a harmonic transform of D. In this paper we study 
state of boundaries for Dh. Our main result is as follows. 

Theorem 1.1 Let h E 7-ls,m,h„0 and i = 1, 2. 
(i) Suppose that li is (s, m, k) -regular or exit. If h(11) = 0, then li is (sh, mh, 0) -entrance. 
If 0 < h(li) < oo, then li is (sh, mh, 0) -regular or exit according to li being (s, m, k) 
-regular or exit. 
(ii) Suppose that li is (s, m, k) -entrance. If 0 < h(li) < oo, then li is (sh, mh, 0) - 
entrance. If h(li) = oo, then li is (sh, mh, 0) -regular or exit according to lmh(li)1 < co or 
Imh(li)I = oo. 
(iii) Suppose that li is (s, m, k) -natural. If h(li) = 0, then li is (sh, mh, 0) -entrance or 
natural according to Jmh,sh (li) < oo or Jmh,sh (li) = cc. If h(li) = oo, then li is (sh, mh, 0) 
-regular, exit, or natural according to Im(li) 1 < oo, = oo and Jsh,mh (li) < oo, or 
lm(1i)1= oc and Jsh,"mh(li) = oc. 

  The statements of the theorem are tabled as follows. 

       Table 1  
h(li) = 0 h(li) E (0, co) h(li) = cc  

  (s, m, k) (sh, mh, 0)(sh, mh, 0) 
  -regular -entrance -regular0 

               Ex. 3.1 
/Ex. 3.2 (s, m, k) (sh, mh, 0)(sh, mh, 0) 

 -exit -entrance -exit0 
             Ex. 3.3 Ex. 3.4 

(sh, mh, 0) -regular 
(s, m, k)(sh, mh, 0)if Imh(li)1 < oc 

  -entrance 0-entranceEx . 3.2 
                           Ex. 3.5(sh, mh, 0) -exit 

                                          if Imh(li)f = oc 
                                                         Ex. 3.5 

(sh, mh, 0)(sh, mh, 0) -regular 
(s, m, k) -entranceif Imh(01 < oo Ex. 3.7 

   -natural if Jmh,sh (li) < oc 0(sh, mh, 0) -exit 
              Ex. 3.6if Im(ii)1 = oc, Jsh,.mh(li) < oc 

(sh, mh, 0)Ex. 3.6 
           -natural(sh , mh, 0) -natural 
            if J'mh,sh(li) = 00if Im(ii)I = cc, Jsh,mh(li) = oo 

         Ex. 3.4, Ex. 3.5Ex. 3.1, Ex. 3.3 
        Ex. 3.6, Ex. 3.7Ex: 3.5, Ex. 3.6  

  The symbol 0 of the table means that there don't exist any 3 harmonic functions for 
G (see Lemma 2.1 below). We exhibit examples for each cases of the table in Section 3. 
Example 3.1 etc. are abbreviated as Ex.3.1 etc., respectively. 

   In [3] Maeno treated harmonic transforms different from ours. More precisely, let s 
and m be the scale function and speed measure on I. Let .Ms be the set of all positive 
continuous functions h on I such that h has the right derivative Dsh which is right 
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continuous and nonincreasing. For h E  .Ms we consider sh and mh given by (1.2) and 
(1.3), respectively. Further set kh(x) _ — f(c~ x] hdDsh(x). Let gh be an ODGDO with 
(sh, mh, kh). She discusses the state of boundaries for IN having the ODGDO Oh as the 
generator. Since Ns,m,k,i3 n 0 if k 0 or /3 > 0, we cannot derive Theorem 1.1 from 
her results. However there is a relation between our harmonic transform and Maeno's 
harmonic transform. We discuss this relation in [51. 

2 Proof of main theorem 

In this section we prove Theorem 1.1 for 11. First we summarize some properties of /3 
harmonic functions. 

Lemma 2.1 ([2], [6]) Let h E Ns,,n,k,p. 
(i) For 11 < x < y < 12, 

Dsh(x) <s- s                         (y)h(x)< Dsh(y)•                       (
y)s(x) 

(ii) Suppose ll is regular or exit. Then 0 < h(11) < 00. If h(11) = 0, h(x) < Dsh(x)(s(x)— 
s(l1)). 
(iii) Suppose 11 is entrance. Then 0 < h(11) < oo. If h(11) = oo, then Dsh(l1) E [—oo, 0), 
Ish(11)1 < oo, and f h(y) dm(y) < co. 
(iv) Suppose ll is natural. Then h(l1) = 0, or h(11) = oo. If h(11) = 00, Ish(l1)1 < co. 

Remark 2.2 Suppose that h E 7-ls,m,k p and 0 < h(11) < oo. Then 

                 0 < lim sh(x) <oo,0 < lim mh (x) < cc.                    x~tls(x)xlti m(x) 

  The statements of Theorem 1.1 (i) and (ii) corresponding to 0 < h(11) < co are 
derived from Remark 2.2. We divide the proof of the theorem into three cases for expect 
0 < h(l1) < oo. In the following we fix s, m, k, (3, and h E 

2.1 The case that 11 is (s, m, k) -regular or exit 

Suppose that 11 is (s, m, k) -regular or exit. Then 0 < h(11) < cc. If h(11) = 0, by means 
of Lemma 2.1, there is an xo E I such that 

               h(x) < (s(x) — s(11))Dsh(xo), 11 < x < xo. 

Therefore 

                                    ds(x)  
         fxh(x)ds(x)>(Dsh(xo))-2fis— sl=~,o]{~,u](x()())2 

Hence sh(li) _ —co. Furthermore 

     Jh2(x) dm(x)h-2(y) ds(y) <Jdm(x)Jds(y) < oo,       (ti,xo](x,xo]11(t,,xu](x,xo] 

which shows that 11 is (sh, mh, 0) -entrance. 
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2.2 The case that 11 is  (s,  m, k) -entrance 

Suppose that 11 is (s, m, k) -entrance. If h(x) = oo, then we have 

            lim f(11_x] h-2(y) ds(y)—lim11 x—,ll h-1(x)x--41 Dsh(x) Dsh(ll) 

We note that Dsh(l1) E [—oo, 0) by means of Lemma 2.1. Hence there are xo E I and a 
positive constant C such that f(ll xl h-2(y) ds(y) < Ch-1(x), ll < x < xo. Combing this 
with 18h(l1)1 < oo, we find 

       h-2(y) ds(y) fh2 (x) dm(x) =Jh2(y) dm(y)fh-2(x) ds(x)  f xxlxl    i,o1(y,ol(~,o](i,y1 

                          C fh(y) dm(y) < oo. 
                                                (li,c] 

Thus we have that 11 is (sh, mh, 0) -regular (resp. -exit) if Imh(ll) < oo (resp. Imh(ll)J _ 
oo). 

2.3 The case that 11 is (s, m, k) -natural 
Suppose that 11 is (s, m, k) -natural. Then h(11) = 0 or h(11) = oo. 

  Suppose that h(11) = 0. If s(li) = —oo, for any M > 0 there exists an xo such that 
h~x) > M, ll < x < xo. We have 

              fh-2(x) ds(x) > M2 ds(x)=oc.             l,xol(li,xol 

Hence we have sh(l1) = —oo. If s(l1) > —oo, there exist an x1 and a positive constant C 
such that h(x) < C(s(x) — s(11)) for 11 < x < x1. Therefore 

                 h-2(x)ds(x) >1ds(x)— = 00,             //IL1,x11(s(x)  —s ll 2 
Then we have sh(11) = —oc. Thus 11 is (sh, mh, 0) -entrance or natural according to 
Jmh,sh (11) < oc or Jmh,s, (11) = 00. 

  If h(11) = oo, then 

                    fh-2(y) ds(y) < oo,                                   (l,,cl 

by means of Lemma 2.1. Therefore 11 is (sh, mh, 0) -regular, exit, or natural according to 
Imh(li)I < oo, Imh(01 = oo and Jsh,m) (l1) < oo, or mh(li)1 < oo and Jsh,7flh(11) = 00. 

3 Examples 

In this section we give each examples in Table 1. 
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Example 3.1 Consider the generator 

             d2 d                   G = x2(x2 — 1)
dx2+2x3—dx— x2(x2 — 1)-1, 

on (1,  oo). The scale function, speed measure, and killing measure are given by 

         ds(x) = (x2 — 1)-1 dx, dm(x) = x-2 dx, dk(x) _ (x2 — 1)-1 dx. 

The end points 1 and oo are (s, m, k) -natural and (s, m, k) -regular, respectively. 
  Set h(x) = (x2 —10. h(x) is a 0 harmonic function for Q. We obtain the transformed 

scale function , the transformed speed measure, and the transformed generator as follows. 

          dsh(x) = dx,dmh(x) = x-2(x2 — 1)-1 dx, ch = x2(x2 — 1)
dx2. 

Since Jsh 'nth (1) = oo and Jmh,sh (1) = oo, the end point 1 is (sh, mh, 0) -natural. Since 
Ish(oe)1 = oo and Jmh,sh(oo) < oo, the end point co is (sh, mh, 0) -entrance. 

Example 3.2 Consider the generator 

d2 g=e~x
dx2 

on (0, oo), where 'y > 0 and K > 0. The scale function, speed measure, and killing measure 
are given by 

               ds(x) = dx, dm(x) = e-7x dx, dk(x) = dx. 

The end points 0 and oo are (s, m, k) -regular and (s, m, k) -entrance, respectively. 
  For A > 0, set h(x) = Ko (2 7+" e- 2f ). h(x) is a A harmonic function for g. We obtain 

the transformed scale function, the transformed speed measure, and the transformed 

generator as follows. 

dsh(x) =K2 (2A+Ke- 2dx,dmh(x) = Ko (2A+Ke_2e-7x dx, 
                               nd2K1(2+~e-)d         ch =eryx 

dx2 + 21/A + K e 2 Ko (2 +  e- 2) dx 

Since I sh (0) < oo and Imh (0) < oo, the end point 0 is (sh, mh, 0) -regular. Since 
Ish(oe)1 < oc and Imh(oc)I < oo, the end point oo is (sh, mh, 0) -regular. 

Example 3.3 Consider the generator 

                                    z 
G                              d  = x(x2 —1)d2+2x2d x— x(x2 — 1)-1, 

on (1, oo). The scale function, speed measure, and killing measure are given by 

         ds(x) = (x2 — 1)-1 dx, dm(x) = x-1 dx, dk(x) _ (x2 — 1)-1 dx. 

The end points 1 and oo are (s, m, k) -natural and (s, m, k) -exit, respectively. 
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  Set h(x) =  (x2  —1)-1  . h(x) is a 0 harmonic function for g. We obtain the transformed 
scale function, the transformed speed measure, and the transformed generator as follows. 

                                                                      2 dsh(x) = dx,dmh(x) = x-1(x2 — 1)-1 dxyh = x(x2 - 1)dx2. 
Since j mh (1) 1 = oo and Jsh,m,h (1) = oo, the end point 1 is (sh, rh, 0) -natural. Since 
lsh (co )1 = oo and Jm,h,sh (oo) < oo, the end point oo is (S h, mh, 0) -entrance. 

Example 3.4 Consider the generator 

3 d2 2x2 dx2         -12
dx2 (x+1)(log(x+1)+1)dx (x + 1)2(log(x + 1) + 1)' 

on (0, oc). The scale function, speed measure, and killing measure are given by 

                 ds(x) =(log(x + 1) + 1)-2 dx, 

                 dm(x) =(log(x + 1) + 1)2x-2 dx, 
                 dk(x) =(log(x + 1) + 1)(x + 1)-2 dx. 

The end points 0 and oo are (s, m, k) -exit and (s, m, k) -natural, respectively. 
  Set h(x) = (log(x + 1) + 1)-4. h(x) is a 0 harmonic function for C. We obtain the 

transformed scale function, the transformed speed measure, and the transformed generator 
as follows. 

2 
dsh (x) =dx, dmh (x) = x 2 dx, ch = x 2 d

x2 . 

Since Imh(0)1 = oo and Jsh,mh(0) < co, the end point 0 is (sh, nth, 0) -exit. Since Ish(oo)+ = 
oo and Jm,h,sh(o0) = co, the end point oo is (sh, mh, 0) -natural. 

Example 3.5 Consider the generator 

=1 d21 d 
                           2 dx2+x dx7' 

on (0, oo), where y > 0. The scale function, speed measure, and killing measure are given 
by 

               ds(x) = x-1 dx, dm(x) = 2x dx, dk(x) = 2-yx dx. 

The end points 0 and oo are (s, m, k) -entrance and (s, m, k) -natural, respectively. 
  We consider two harmonic transforms  for g.  

  For A > 0, set 0(x) = x-lsinh(x/2(.\ + y)). 0(x) is a A harmonic function for 
C. We obtain the transformed scale function, the transformed speed measure, and the 

transformed generator as follows. 

ds0(x) =x sinh-2(x/2(A + 7)) dx, dmo(x) = 2x-1 sinh2(x\2(\ + y)) dx, 

                   2 

         —1 d+ —sinh(xV2(A+y))+tanh-1(XV2(a+y)) 
2 dx2xxdx 

Since 1s0(0)1 = oo and Jm4,,sd (0) < oo, the end point 0 is (so, mo, 0) -entrance. Since 
Im¢(oo)I = oo and Jso,,o(o0) = oo, the end point oo is (so, mo, 0) -natural. 
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  For A > 0, set(x)= x_1e-~~/2(a+~).1,1)(x) is a A harmonic function for g. We obtain 
the transformed scale function, the transformed speed measure, and the transformed 
generator as follows. 

         2x2(a+-r)2x0(A+-r)1d2      ds,~(x)=xe^dx,dm,~(x)=2xe-dx,go= 2  dx2+dx 

Since {m.(0) 1 = oc and Js,y,m,, (0) < oo, the end point 0 is (s,p, m,,b, 0) -exit. Since 
180 (oo) { = co and Jm„p,s,1j (oo) = oo, the end point co is (so, m., 0) -natural. 

Example 3.6 Consider the generator 

                               1 d2 72–2-2 
2 dx2 2x2 

on (0, oo), where > 2. The scale function, speed measure, and killing measure are 
given by 

             ds(x) = dx, dm(x) = 2 dx, dk(x) = (,y2 – 2-2)x-2 dx. 

The end points 0 and oo are (s, m, k) -natural. 
  We consider two harmonic transforms for c. 

  For A > 0, set 0(x) = 54(x 2t). q5(x) is a A harmonic function for C. We obtain 
the transformed scale function, the transformed speed measure, and the transformed 

generator as follows. 

ds0(x) =x-1.11y- 2(x ) dx, dmo(x) = 2x 42 25) dx, 

             g,,,_1 d2+1+ `y+I+1(x2a)d                   2 dx2 2x x 2;\ Iy (x 2.1) dx• 

Since 1s0(0)1 = oo and Jm,o,sm (0) < oo, the end point 0 is (s0, m,, 0) -entrance. Since 
mcb(oc) 1 = oo and Jso,,,,,(cc) = oo, the end point co is (sh, mh, 0) -natural. 

  For A > 0 set (x) = ViK„,(x 2C). '(x) is a A harmonic function for Q. We obtain 
the transformed scale function and the transformed speed measure as follows. 

ds,L,(x) =x-1Ky2(x T\) dx, dm. (x) = 2xKy(x 2) dx, 

_1 d21yKy+1(x2a)d              g'~ 2 dx2+2x+x 23 Kry (x 2~) dx 

Since { m,,/, (0)1 = oc and Jsib,m,, (0) < oo, the end point 0 is (so, „ 0) -exit. Since 
Is,p (oo) = oo and Jm,y,,,s,,1(oo) = co, the end point co is (sh, mh, 0) -natural. 

Example 3.7 Consider the generator 

                     _x4 d2x3 d 1                – 
dx2+2 dx8_x- 

on (0, oo). The scale function, speed measure, and killing measure are given by 

              ds(x) = x-1dx, dm(x) = 2x-3 dx, dk(x) = 4x-1 dx. 
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The end points 0 and  oo are (s, m, k) -natural. 
  Set h(x) = x 2 . h(x) is a 0 harmonic function for g. We obtain the transformed scale 

function, the transformed speed measure, and the transformed generator as follows. 

4 2 
dsh(x) = x-2 dx, dmh(x) = 2x-2 dx, ch = 2 d

x2 + x3—d. dx 

Since I sh (0) = oo and Imh (0)1 = oc, the end point 0 is (sh, mh, 0) -natural. Since 
Ish(oo)1 < co and Imh(oo)1 < co, the end point oo is (sh, mh, 0) -regular. 
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    State of boundaries for harmonic transforms of 

    one-dimensional generalized diffusion processes 

                 TAKEMURA Tomoko 

  We consider a one-dimensional generalized diffusion operator  g represented by triplet 
of Borel measures and a harmonic transform yh of g, where h is a harmonic function for 
g. Specially we treat an operator with killing measure which is not null measure. We 
consider the state of boundaries for the one-dimensional generalized diffusion process Ph 
with gch as the generator. State of boundaries for 11:h may be different from those for D 
which is a one-dimensional generalized process with c as the generator. We characterize 
the state of boundaries for IDh in terms of the Borel measures and a harmonic function 
for g. After we prove our main theorem, we give some examples. 
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