State of boundaries for harmonic transforms of

one-dimensional generalized diffusion processes
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1 Introduction

Let m be a right continuous nondecreasing function on an open interval I = (I;,ly),
where —o00 < I} < Iy < o0, s be a continuous increasing function on 7, and %k be
a right continuous nondecreasing function on I. We assume that the support of the
measure dm(zx) on I induced by m(z) is equal to I. For a function u on I, we set
u(l;) = lima ., ze7 u(x) if there exists the limit, for i = 1, 2. We set I* = I U {r;z =
I; with |m(l;)| + (s(L)] + [k{l;)] < oo, i =1.2}. Let us fix a point ¢, € I arbitrarily and

set
Juulz) = f dp(y) / dv(z),
(€o,x] J(eo.y]

for x € I, where di and dr are Borel measures on /. and the integral f(ab is read as
= Jipay if @ > b. Following [1], we call the boundary I; to be

(s,m, k)-regular  if J;pmain(l;
(s, m, k)-exit it Jomak(ls
(s, m, k)-entrance if Jomie(l;
(s, m, k)-natural i J; (0

oo and  Jyqks(l
oo and Jpiks(l
co and Jygrs(l;
=oc and Jm+k 5 (L

We note that

if l; is (s,m, k) -regular, |(m+k)(L)] < oo and |[s(l;)| < oo,
if I; is (s, m, k) -exit, [(m + k) (L) =00 and |s(l)| < oo,
if l; is (s,m, k) -entrance, |(m+k)(l;))] <oc and |s(l)| =
if l; is (s,m, k) -natural, |(m +k){(l;)] =00 or |s(};)|=

Let D(G) be the space of all functions u € L*(I,m) which have continuous representatives
u (we use the same symbol) satisfying the following conditions:

i) There exist two constants A, B and a function h, € L?(I,m) such that

w(z) =A+ Bs(z) +/ {s(z) — s(y) }ru(y) din(y)

(co.x]

+ / {s(z) — s{y)}uly) dk(y), x €l (1.1)
(€a7]
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it) If I; is regular, then w(l;) = 0 for each i = 1, 2.

By virtue of (1.1), h, is uniquely determined as a function of L%(I,m) if it exists. The
operator G from D(G) into L*(/, m) is defined by Gu = h,, and it is called the one-
dimensional generalized diffusion operator with the speed measure m, the scale function
s, and the killing measure £ (ODGDO with (s, m, k) for short). In the following, for a
measurable functions « on I, Dyu(xz) stands for the right derivative with respect to s(z),
that is, Dyu(z) = lim.o{u(z + &) — u(x)}/{s(z + &) — s(x)}, provided it exists. It is
obvious that uw € D(G) has the right derivative Dyu and it satisfies

D.u(y) — Dyu(z) = Gu(z)dm(z) +] u(z)dk(z), z,yel
] (=]

(z,y

So we sometimes use the symbol Gu = (dDyu — udk)/dm. Following McKean [4] (see
also Section 4.11 of [2]), we can define the fundamental solution p(t, , y) of the following
equation.

a
Ep(t,x,y) =Gp(t,z,y), t>0, z,y€l,

where G is applied to x or v.
It is known that p(#, z,y) satisfies the following properties:

0 < p(t,z,y) = p(t,y,z) is continuous on [ x [ x (0, oc),
pls+tz,y) = /p(s,x, 2)p(t, z,y)dm(z), s,¢>0, z,yel,
I

plt,li,y) =0, t>0, ye I, ifl;is notentrance,
Dp(t,l;,y) =0, t>0, yel, ifl;isentrance,

where D p(t, z,y) = lim. o {p(t,z +,y) — p(t,z,y)} / {s(z + &) — s(z)}. It is also known
that there exists a one-dimensional generalized diffusion process (ODGDP for brief) D =
(X(t): t >0, P,:z € I"] such that

P.X(t) € E) — ] p(t,2,y)dmly), t>0, z€ ", Ee B

E

By this reason, p(, z, y) is sometimes called the transition probability density with respect
to m. The state of boundaries, that is, (s, m, k) -regular, exit, entrance, and natural,
suggest the behavior of the sample paths of D having the ODGDO G with (s,m, k) as the
generator (see [2]). For 8 > 0 let H, . be the set of all positive functions hy satisfying

) =hghs) + 0 Raleiaz) = sl
+[ {60) = s)Phs(u) (Bamiy) + dk(y)}, w1

We call hg a § harmonic function for G. For h € H, ,,, k5. we set
mw=£ hy) 2 ds(y), (1.2)
mp(z) —*f h(y)? dm(y). (1.3)
(€o,x]

pult,z,y) = e P'p(t, z,y)/h(z)h(y).
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Let G, be an ODGDO with (s, my,0), where 0 denotes the null measure. Let Iy be an
ODGDP with G, as the generator. Then py(t,x,y) is the transition probability density
of I, with respect to m,,. We call I, a harmonic transform of D. In this paper we study
state of boundaries for I,. Our main result is as follows.

Theorem 1.1 Leth € Hympp andi=1,2.

(i) Suppose that l; s (s,m, k) -regular or exit. If h(l;) =0, thenl; is (s, msn,0) -entrance.
If 0 < h(l;) < oo, then I, 1s sy, mp,0) -regular or exit according to l; being (s,m, k)
-reqular or exit.

(i1) Suppose that l; 1s (s,m. k) -entrance. If 0 < h(l;) < oo, then l; is (sn, mp,0) -
entrance. If h{l;) = oo, then l; s (8, mp,0) -reqular or exit according to |my(l;)| < oo or
Imils)] = o0.

(iii) Suppose that l; is (s,m, k) -natural. If h(l;) = 0, then l; is (sp, ms,0) -entrance or
natural according to Jm, s, (li) < 00 or Jp, 4, (L) = oc. If h(l;) = oo, then l; is (sp,m4,0)
-regular, exit, or natural according to |m(l;)| < oo, |m(l))| = oo and J,, m,(l;) < oo, or
|m(l;)| = oo and Js, m, (i) = o0.

The statements of the theorem are tabled as follows.

Table 1
h(l;) =0 h(l;) € (0, 00) h(l) = oc
(Sam‘u k) (Sh'lmh’D) (Shrmh:o)
-regular -entrance -regular 0
Ex. 3.1 Ex. 3.2
(s,m, k) (8p,m4,0) (sk, My, 0)
-exit -entrance -exit @
Ex. 3.3 Ex. 3.4
(8. iy, 0) -regular
(s,m, k) ($h,mp, 0) if |my(l;)] < o0
-entrance ] -entrance Ex. 3.2
Ex. 3.5 (8h, T, 0) -exit
if [y (l)] = 0o
Ex. 3.5
(8p, T8, 0) (sp, my,0) -regular
(s,m, k) -entrance if |ma(l)| < o0 Ex. 3.7
-natural | if J,,, 4, (L) < 00 ] (s, mp,0) -exit
Ex. 3.6 if Im(h)l = 00, Jsh.m;.(ii) < o
(sh,mﬁ,O) Ex. 3.6
-natural (sn, mu,0) -natural
if Jmh,sh(li] =00 if |m(51)| = 0, Jﬁh«‘mb (!:,) =CcC
Ex. 34, Ex. 35 Ex. 3.1, Ex. 33
Ex. 3.6, Ex. 3.7 Ex: 3.5 Ex. 36

The symbol @ of the table means that there don’t exist any 3 harmonic functions for
G (see Lemma 2.1 below). We exhibit examples for each cases of the table in Section 3.
Example 3.1 etc. are abbreviated as Ex.3.1 etc., respectively.

In [3] Maeno treated harmonic transforms different from ours. More precisely, let s
and m be the scale function and speed measure on I. Let MY be the set of all positive
continuous functions h on I such that h has the right derivative D,k which is right
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continuous and nonincreasing. For h € M we consider s, and my, given by (1.2) and
(1.3), respectively. Further set ky(z) = — f(%z] hdD.h(zx). Let G be an ODGDO with
(sn, mn, ky). She discusses the state of boundaries for I, having the ODGDO G as the
generator. Since Hymis MM =0 if k£ # 0 or 8 > 0, we cannot derive Theorem 1.1 from
her results. However there is a relation between our harmonic transform and Maenao's
harmonic transform. We discuss this relation in [5].

2 Proof of main theorem

In this section we prove Theorem 1.1 for ;. First we summarize some properties of 3
harmonic functions.

Lemma 2.1 ( [2], [6]) Let h € Hymyp-
(i) Forly <z <y <ly,

h(y) — hz)
Dh(z) < < Deh(y).
(z) ) = s(z) (v)

(ii) Suppose [y @s regular or exit. Then 0 < h(ly) < co. Ifh(ly) =0, h(z) < D.h(z)(s(z)—
s(l)).
(1ii) Suppose l; is entrance. Then 0 < h(ly) < oo. If h(ly) = oo, then D;h(l;) € [—00,0),
[sn(lh)| < 0o, and [, .\ hly)dmly) < co.
(iv) Suppose ly is natural. Then h(lh) =0, or h(ly) = 0o, If h{l}) = oo, |su(ly)| < oo.

Remark 2.2 Suppose that b € Hymp5 and 0 < h(l;) < co. Then

0 < lim sn()
zll S(I‘)

my(z
< oo, 0<lim w(z)
zlh m(x)

The statements of Theorem 1.1 (i) and (ii) corresponding to 0 < h{l;) < oo are
derived from Remark 2.2. We divide the proof of the theorem into three cases for expect
0 < h(ly) < oc. In the following we fix s, m, k, G, and h € H, ks
2.1 The case that [, is (s,m, k) -regular or exit

Suppose that [} is (s, m, k) -regular or exit. Then 0 < h(l;) < oo. If A(l;) = 0, by means
of Lemma 2.1, there is an 2y € I such that

h(z) < (s(z) — s(lh))Dsh(zo), L <z < z.

Therefore

= 0Q.

2 S x0)) 72 ——-———-—ds(x)
Jyng @) 2D [

Hence s, (l}) = —oo. Furthermore

f h?(z) dm(w)] k™% (y) ds(y) < / dm(ﬂ:)/ ds(y) < oc,
(41,m0] (2,20] (L1,20] (w,m0]

which shows that [y is (si, mp,0) -entrance.
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2.2 The case that [, is (s, m, k) -entrance

Suppose that [, is (s,m, k) -entrance. If h(z) = oo, then we have

Sz W) ds(y) , 1 1
- _

li =g =— 3

s h () a0 Doh(z)  Dyhl(ly)

We note that Dsh(l,) € [—o0,0) by means of Lemma 2.1. Hence there are 2y € I and a
positive constant C' such that [, . h=*(y)ds(y) < Ch7'(z), i < z < zo. Combing this
with [s,(h)| < oo, we find

3 ) B . N
j(h.xn]h () ds(y) ‘L.zolh (z) dm(z) _-/(tl.zo]h (v) dm(y)f h%(z) ds(z)

(11.9]

<C h(y) dm(y) < .
(h,c]

Thus we have that [y is (sp, mp, 0) -regular (resp. -exit) if |my(l;)]| < oo (resp. |my(l})| =

2.3 The case that [, is (s, m, k) -natural

Suppose that {; is (s, m, k) -natural. Then h(l;) =0 or h{l;) = oc.
Suppose that h(l;) = 0. If s(l;) = —oo, for any A > 0 there exists an z such that
,—1% > M, l; <z < x6. We have

] h %(z)ds(z) > M’2/ ds(z) = oco.
{t,zo] (1 yw]

Hence we have s,(l;) = —oc. If s(l;) > —oo, there exist an x; and a positive constant C
such that h{z) < C(s(x) — s(l1)) for Iy < x < z;. Therefore

o 1 ds(x)
h3(z) ds(z) >— — N — o,
'/(.11 1) C (l1,x1] (S(I) == S(ll)):!
Then we have s,(l;) = —cc. Thus [; is (sp, mp, 0) -entrance or natural according to

Iy s (1) < 00 OF Ji, 5, (1) = 00.
If A(l;) = oo, then

/ K2 (y) ds(y) < oo,
(l1,¢]

by means of Lemma 2.1. Therefore |y is (sp, ms, 0) -regular, exit, or natural according to
[ma(is)] < oo, [mu(l)] = oo and Jy, m, (1) < 00, or |my(l;)| < co and Jy, m, (I1) = o0.

3 Examples

In this section we give each examples in Table 1.
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Example 3.1 Consider the generator
a? 5 d
42 2 -1
n (1,20). The scale function, speed measure, and killing measure are given by
ds(z) = (2* — 1) da, dm(z) = 27 dx, dk(z) = (z* — 1) ' dz.

The end points 1 and co are (s, m, k) -natural and (s, m, k) -regular, respectively.
Set h(z) = (2 —1)"2. h(z) is a 0 harmonic function for G. We obtain the transformed
scale function , the transformed speed measure, and the transformed generator as follows.

d?
dz?’

Since Jg, m, (1) = 00 and Jy, 5, (1) = oo, the end point 1 is (s4,mp,0) -natural. Since
|sp(00)| = 0o and Jp, 5, (00) < oo, the end point oo is (s, my, 0) -entrance.

dsp(z) = dz, dmu(z) =z27%(2* - 1)"dz, G, =2(2%-1)—

Example 3.2 Consider the generator
d?
g —_ e“u d_j - K,

on (0, cc), where v > 0 and & > 0. The scale function, speed measure, and killing measure
are given by

ds(z) = dz, dm(z) = ™" dz, dk(z) = ke ™" da.

The end points 0 and oo are (s, m, k) -regular and (s, m, k) -entrance, respectively.

For A > 0, set h(z) = Kg(g‘/—frT—'ie’lzi). h(z) is a A harmonic function for G. We obtain
the transformed scale function, the transformed speed measure, and the transformed
generator as follows.

dsh( ) K (2\/ TR g

e 2) dz, dmy(x) =
2\/m -
(%

K (25H)

e ""dr,

F)a

d?
e -
Gn =e _'d.jz*z At re* K(z\/m F)dr

Since [sz(0)] < oo and |m(0)| < oo, the end point 0 is (sy,m,,0) -regular. Since
|sn(0c)| < oo and [my(oc)| < oo, the end point 0o is (sp, My, 0) -regular.

Example 3.3 Consider the generator

d? d
— - -
g—m(m—l)dz—i—?z:a— z(z? — 1)
on (1,00). The scale function, speed measure, and killing measure are given by

ds(z) = («* — 1) dz, dm(z) = z7' dz, dk(z) = (z* - 1)7'dz.

The end points 1 and oo are (s, m, k) -natural and (s,m, k) -exit, respectively.
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Set h(z) = (z2—1)"2. h(z) is a 0 harmonic function for G. We obtain the transformed
scale function, the transformed speed measure, and the transformed generator as follows.

2
dsp(z) =dz, dmp(z) =z (2 - 1) "dx, Gy =x(2® - 1)%
Since |my(1)| = oo and Js, m, (1) = oo, the end point 1 is (s, 7m4,0) -natural. Since

|sp{oco)| = 00 and Jop, 4, (0} < oo, the end point oo is sy, my, 0) -entrance.
Example 3.4 Consider the generator

d? 277 d 3
+

W=z dr? " (e+1)(logz + 1)+ 1) dz  (z+1)2(log(z + 1) +1)’

on (0,00). The scale function, speed measure, and killing measure are given by

ds(z) =(log(z + 1) + 1) dx,
dm(z) =(log(z + 1) + 1)%" % dx,
dk(z) =(log(z + 1) + 1)(z + 1) dz.

The end points 0 and oo are (s, m, k) -exit and (s, m, k) -natural, respectively.

Set h(x) = (log(z + 1) + 1)L, h(z) is a 0 harmonic function for G. We obtain the
transformed scale function, the transformed speed measure, and the transformed generator
as follows.

d2
dx?’

Since |my(0)| = oc and J, 1, (0) < oo, the end point 0 is (s, mp, 0) -exit. Since |s),(o0)| =
oo and Jp,, +,(00) = 0o, the end point oo is (s4, M4, 0) -natural.

dsp(x) =dz, dmp(z) = % dz, Gy = uz?

Example 3.5 Consider the generator

_la 1d
T 2d? T zdz "

on (0, 00), where v > 0. The scale function, speed measure, and killing measure are given
by

g

ds(z) = ¢ 'dz, dm(z) = 2xdz, dk(z) = 2yzdr.

The end points 0 and oc are (s, m, k) -entrance and (s, m, k) -natural, respectively.
We consider two harmonic transforms for G.

For A > 0, set ¢(z) = x 'sinh(zy/2(A+7)). @(z) is a A\ harmonic function for
G. We obtain the transformed scale function, the transformed speed measure, and the
transformed generator as follows.

dse(z) =x Sillll_z(mm) dz, dmg(z) =2z 5111112(:1:\:'2()\ +v)) dz,
G =%£§2 + (1 : sinh(z4/2(A +7)) + tanh™ (z1/2(A + ’Y))) “f—

T % dr’

Since [54(0)] = o0 and Ji, ¢, (0) < oo, the end point 0 is (s4, My, 0) -entrance. Since
|my(o0)| = oo and J, 1, (00) = 00, the end point oo is (54, M4, 0) -natural.

—291—



For A > 0, set ¥(z) = 2 e *V2**Y) 4(z) is a A harmonic function for G. We obtain
the transformed scale function, the transformed speed measure, and the transformed
generator as follows.

; 30 1 dz
dsy(2) = 2e¥VIAN gy dmy(z) = 27e™ VM 4y G, = 33 — d ;
o
Since |my(0)] = oo and J;, m,(0) < o0, the end point 0 is (sy,my,0) -exit. Since
|5y (00)| = 00 and Jp,, 5, (00) = 0o, the end point 0o is (s, My, 0) -natural.

Example 3.6 Consider the generator

g_ld? B i
T 2dz? 272

n (0,00), where |y| > % The scale function, speed measure, and killing measure are

given by
ds(z) = dz, dm(z) = 2dz, dk(z) = (v* — 27 )z dz.

The end points 0 and oo are (s,m, k) -natural.

We consider two harmonic transforms for G,

For A > 0, set ¢(z) = /TL,(xV2)). ¢(z) is a A harmonic function for G. We obtain
the transformed scale function, the transformed speed measure, and the transformed
generator as follows.

dsy(z) =:c—11;2(g:\/ﬁ) dzr, dmg(z) = 21-[_?(1-\/2-)‘) dr,
‘ 2r  zv2A dr

2dzx? L(zV2X)
Since [s4(0)| = oo and Ji,,,(0) < oo, the end point 0 is (s,, my, 0) -entrance. Since
|mg(o0)| = oo and Jy,.m,(00) = oo, the end point oo is (sg, 7y, 0) -natural.

For A > 0 set ¢(z) = vz K, (rf (z) is a A harmonic function for G. We obtain
the transformed scale function and the tranafnrmcd speed measure as follows.

dsy(x) =z K2 (av2))dz, dmy(z) = 20K2(zV2)) dz,

G 1dz+ 1, 0 K@)\ d
¥ T 2de? aV2A K, (zv2))

Since |my(0)] = oo and J;, m,(0) < oo, the end point 0 is (sy,my, 0) -exit. Since
|sy(00)] = o0 and Jp,, s, (00) = 00, the end point oc is (s4, My, 0) -natural.

Example 3.7 Consider the generator

on (0, 00). The scale function, speed measure, and killing measure are given by

ds(r) = r~'dz, dm(z) = 22 3 dz, dk(z) = %xﬁldr.
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The end points 0 and oo are (s,m, k) -natural.

Set h(x) = T3 h(z) is a 0 harmonic function for G. We obtain the transformed scale
funetion, the transformed speed measure, and the transformed generator as follows.

4
dsp(z) = 272 dz, dmp(z) =227 %dz, Gp= %dixﬂ + 13%.
Since |sx(0)] = oo and |mx(0)] = oo, the end point 0 is (sp,mp,0) -natural. Since

|sn(o0)] < oo and |mp(oc)| < oo, the end point oo is (s, ma,0) -regular,

References

(1] W. Feller, The parabolic differential equations and the associated semi-groups of trans-
formations, Ann. of Math., 55 (1952), 468-519.

[2] K. Ité and H. P. McKean, Jr., Diffusion Processes and their Sample Paths, Springer-
Verlag, New York, 1974,

[3] M. Maeno, One-dimensional h-path generalized diffusion processes, Ann. Reports of
Graduate School of Humanities and Sciences Nara Women’s University, 21 (2005),
167-185.

[4] H. P. McKean, Jr., Elementary solutions for certain parabolic differential equations,
Trans. Amer. Math. Soc. 82 (1956), 519-548.

[5] T. Takemura and M. Tomisaki, Harmonic transform of ene dimensional generalized
diffusion processes, Contributed talks in The 1st Institute of Mathematical Statistics
Asia Pacific Rim Meeting at Seoul.

6] M. Tomisaki, Intrinsic wltracontractivity and small perturbation for one-dimensional
generalized diffusion operators, J. Funct. Anal. 251 (2007), 289 324.

—293—



State of boundaries for harmonic transforms of

one-dimensional generalized diffusion processes

TAKEMURA Tomoko

We consider a one-dimensional generalized diffusion operator G represented by triplet
of Borel measures and a harmonic transform G, of G, where h is a harmonic function for
G. Specially we treat an operator with killing measure which is not null measure. We
consider the state of boundaries for the one-dimensional generalized diffusion process Dy
with G), as the generator. State of boundaries for Dy may be different from those for I
which is a one-dimensional generalized process with G as the generator. We characterize
the state of boundaries for D, in terms of the Borel measures and a harmonic function
for G. After we prove our main theorem, we give some examples.
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